ABSTRACT Objective: This paper aims to present a novel procedure for testing a set of population proportions against an ordered alternative with a control. Material and Methods: The distribution of the test statistic for the proposed test was determined theoretically and through Monte-Carlo experiments. The efficiency of the proposed test method was compared with the classical Chi-square test of homogeneity of population proportions using their empirical Type I error rates and powers at various sample sizes. Results: The new test statistic that was developed for testing a set of population proportions against an ordered alternative with a control was found to have a Chi-square distribution with non-integer values degrees of freedom v that depend on the number of population groups k being compared. Table of values of v for comparing up to 26 population groups was constructed while an expression was developed to determine v for cases where k > 26. Further results showed that the new test method is capable of detecting the superiority of a treatment, for instance a new drug type, over some of the existing ones in situations where only the qualitative data on users' preferences of all the available treatments (drug types) are available. The new test method was found to be relatively more powerful and consistent at estimating the nominal Type I error rates (α), especially at smaller sample sizes than the classical Chi-square test of homogeneity of population proportions. Conclusion: The new test method proposed here could find applications in pharmacology where a newly developed drug might be expected to be more preferred by users than some of the existing ones. This kind of test problem can equally exist in medicine, engineering and humanities in situations where only the qualitative data on users' preferences of a set of treatments or systems are available. 
he study of test of hypothesis involving ordered alternatives started by the earlier works of Jonckheere and Bartholomew which was later revisited about a decade later by R. E. Barlow and in his team in their work in 1971. [1] [2] [3] However, the significance of this study area further gave it prominence in the last few years. The classical case of the test hypothesis problems often addressed takes the form of : against : (1) for a comparison of population means where the populations are in no particular order of preference. [4] [5] [6] [7] Here, the underlying distribution of the random variable , 1,2, … , that governed the test procedure for hypothesis (1) was assumed to have a Gaussian distribution with mean and (possibly) constant variance for all the populations.
In a more controlled study, the situation that requires a comparison of all the 1 populations with the population being the control might be desirable. Such situations are quite common in Pharmacological studies (in drug discovery) where it is often of interest to determine the efficacy of a new drug relative to some of the existing ones. For instance, suppose the superiority of a new analgesic drug type over some of the existing ones , 1,2, … , 1, is to be determined by the number of minutes it takes the users to get relieved of pain after its intake. The hypothesis of interest under this scenario would be of the form: 
The procedures to handle the ordered hypothesis set in (2) have been provided elsewhere when the underlying random variables (the number of minutes it takes users to get relieved of pain after the intake of drug type , 1, 2, … , ) are from Gaussian densities as earlier remarked. 8, 9 The test hypothesis problem (2) is also suitable to establish, for example, the superiority of a new antiretroviral drug over some of the existing ones in terms of its relative contribution at enhancing the CD4 counts in HIV patients over a period of time. Here, the new antiretroviral drug would be treated as a control whose supremacy over some of the existing drugs in terms of efficacy is to be determined.
Without loss of generality, it is obvious that any test problem that requires either of the ordered hypothesis set (1) and (2) pre-supposes that the sample data, apart from emanating from Gaussian populations, are also available and obtainable.
However, in many of the real life situations, the required information on the sample data to prosecute hypothesis (1) or (2) can only be imagined but difficult to obtain. For instance, it is quite easy to imagine obtaining information on the number of minutes it takes a set of patients to get relieved of pain after taken a certain analgesic drug. Due to low literacy level of some patients, especially in developing countries like Nigeria, it might be difficult, if not impossible to get this kind of information accurately from such people. In a controlled study where this information can be obtained accurately on the patients, another challenge is that the observed sample measurements might not truly satisfy the desired distributional assumption of normality to guarantee efficient test results.
In the two examples illustrated above and generally in several other real life situations, the quick and easy (qualitative) information that can be truly obtained could be on whether a person get cured or not after receiving a particular chemotherapy treatment (or a drug type) or whether a particular antiretroviral drug boosted the CD4 counts of an HIV patient or not and so on. In other words, information on the number and proportion of people that are positive to the use of a particular drug type among those that were exposed could be readily and easily obtainable.
Therefore, in a situation where it is only this kind of information that is available to evaluate the superiority of new therapy treatment or drug over a number of existing ones, the test of hypothesis involving population proportions with ordered alternative set may be desirable. This kind of test problem motivated the development T Turkiye Klinikleri J Biostat 2016;8 (1) 3 of the test procedure presented in this work. A test method to handle similar hypothesis problem involving two population proportions has been presented elsewhere. 10 The Bayesian approach of non-Inferiority test between two independent binomial population proportions has also been developed by Yahya et al. 11 
DEVELOPMENT OF THE PROPOSED TEST PROCEDURE
Suppose , , … , , in no particular order, is a set of chemotherapy treatments (treatment groups) or drug types that are meant to cure a particular disease with the drug, ,
, , … , being the newly developed (best) drug while the remaining 1 drugs, excluding are the existing drug types or chemotherapy treatments. For convenience, let be the control drug type (control group), 1, 2, … , .
Also, let , , … , be the number of people that are positive to the use of drug types or treatments , , … , among the , , … , that were treated by the drug types respectively. It then follows that is the number of people that are positive to drug among the patients that are exposed to it while !̂ Since drug type is regarded as the control (best) drug among all the drug types, it is expected to be most efficacious and most preferred among all the drug types. Hence, the proportion of sample units that would be positive to drug , 1, 2, … , , is expected to be higher than those of the remaining 1 existing drugs. As a result, the hypothesis of interest to be tested would be of the form:
where ! is the proportion of the users of the control drug type , 1, 2, … , . The unbiased
The inequality statement in the ordered alternative hypothesis set (3) can be reconstructed in two ways as presented below.
CASE I
In the ordered hypothesis (3), the inequality statement in the ordered alternative set is
This yields the following 1 differences of population proportions:
If we consider the representation 0 ! ! , then all the proportion differences in (4) can be represented by vector
However, for ordered alternative set in (3) to be sustained under the significance hypothesis testing, the maximum of the proportion differences in vector 0 must be less than zero. That is,
and if this is defined over the 0 ′4 we have
Hence, the hypothesis set (3) can be reparameterized as follows: 
The unbiased estimator of vector 0 in (5) is 
However, in the null hypothesis set in (3), ! ! ! (say). Therefore, (12) becomes
where parameter ! in (12) is estimated by
Now, since 0 6 ~;90 , 728+0 6 ,:, let statistic D 6 be defined as follows:
and when (5) 
If the weight P is defined by
Therefore, the test statistic in (18) 
Hence, for testing the ordered hypothesis (8) , the test statistic is given by (20).
However, it is important to remark that a unit Gaussian density was only assumed for the distribution of the test statistic D 6 L M as indicated in (18) 
Therefore, for the density of D 6 L M in (22) to be a unit Gaussian as earlier assumed, the condition that ^ 1 is necessary. It then follows that the necessary condition for the normal approximation to hold as used in (18) 
where a in (24) is the degree of freedom of the ChiSquare distribution to be determined. Therefore, for 1,2, … , 1, the alternative test statistic for testing the ordered hypothesis (8) is
which, when the weight P as defined in (19) is substituted, becomes 
respectively.
CASE II
Similarly, given the inequality statement
This consequently yielded the following 1 difference of proportions 
Therefore, for ordered alternative set in (3) to be sustained under the significance hypothesis testing, the minimum of the proportion differences in vector 0 g must be greater than zero. That is,
Hence, the hypothesis set (3) can be reparameterized as:
Similarly, the unbiased estimator of 0 g is 0 6 g !̂ !̂ which shows that <90 6 g : ! !
and 72890 :. Also, each of the elements in D 6 g has a unit Gaussian density. That is D 6 g~; +0,1, , 1,2, … , 1 which therefore presupposes that the probability density of the minimum element in n can be assumed to have a unit Gaussian density. That is, D 6 L % 1 9D 6 g :~;+0,1,, 1 9D 6 g : D 6 . Therefore, the test statistic for testing the ordered hypothesis set (32) becomes 
was derived where W 6 g D 6 g is a random variable defined on D 6 g .
Again It should be noted that either of the test statistics developed under Case I or Case II can be used for testing equality of population proportions against ordered alternative with a control depending on whether hypothesis statement (8) or (32) is to be employed respectively. The two tests would essentially provide the same conclusion. Hence, further discussions on the development of the proposed test procedure in this work were presented for Case I only due to space.
SIMULATION STUDIES
The scheme followed in the Monte-Carlo studies of the proposed test statistics for testing hypothesis of equality of population proportions with ordered alternative involving a control group is presented in this section.
To determine the power and empirical Type I error rate of the proposed test statistics, five independent population groups ( 5) were conjectured. Therefore, five independent random samples , … , j of numbers of people that are positive to drug types , … , j (say) were simulated from binomial distributions with varying sample sizes set between 20 and 100 for different combinations of population proportions ! , 1, … , 5. All the tests were performed at 5% significance level.
Under this setting, the fifth drug j was taken to be the best and the control drug. Hence, the ! were set such that ! In order to determine the degrees of freedom of the proposed test statistics, data were simulated for up to 100 population groups. The values of the test statistics (26) and (34) for the hypothesis sets (8) and (32) were determined respectively at various samples sizes and at different population proportions. At a particular sample size for instance, the average of the computed test statistics was determined over 1000 replications in order to obtain its degree of freedom.
All the simulations and analysis were performed within the environment of R statistical package. 12 
RESULTS
Results from the Monte-Carlo experiments for the development and applications of the proposed test statistics are presented in this section. However, only the simulation results for theoretical development of the proposed test statistic and its applications under Case I were presented due to space. Results for Case II were similar to those obtained under Case I and the two results essentially yielded similar conclusions.
The simple histogram and the density graphs of the computed values of the test statistic (26) were plotted at various sample sizes for comparing population proportions in five groups. The histogram and the density of the test statistic values for sample sizes 20 and 100 are presented by Figures 1a-d . respectively due to space. In all the four graphs, the closeness of the distribution of the test statistic to the family of Chi-square distribution is apparent as shown in Figures 1a-d. As a further confirmation of the distribution of the test statistic, the graphs of the observed (empirical) and theoretical cumulative distributions of the computed values are plotted for sample sizes 20 and 100 as shown in Figure 2 . Again, the two graphs showed that the distribution of the test statistic L M is from Chi-square family of distributions. Now that the distribution of the proposed test statistic L M has been determined to be Chisquare, it is therefore important to further determine the degrees of freedom for all possible S L M values for different population groups as they would emanate from various test problems as conjectured in this work. This would enable easy inference to be drawn as in the conventional chi-square test of independence.
However, various results from simulation studies showed that the degrees of freedom of the proposed test statistics are only influenced by the number of groups (k) being compared but not by the group sample sizes whether they are equal, in which case or not. Thus, only the results for the case of homogenous group sample sizes are reported in this work.
However, it can be recalled that the degree of freedom of a typical Chi-square random variable can be estimated by its arithmetic mean n . To this end, the degrees of freedom a of the proposed test statistic L M were simply determined in the where a is the desired degree of freedom and is the number of groups being compared as specified in the hypothesis test problem. The above equation that connects a and was constructed using the simulated a of the proposed test statistic L M at various number of population groups (for d 26) over 1000 replications. It is worthy to remark that various results from Monte Carlo experiments performed showed that the degrees of freedom for the proposed test statistics L M or L % are not necessarily integers as shown in Table 1 The two hypotheses (37) and (38) were tested at 5% Type I error rate using the proposed tests statistic L M and the classical Chi-square statistic for testing homogeneity of population proportions. The empirical Type I error rates as provided by each test method and their corresponding powers at various sample sizes are presented in Table 2 . For ease of assessment of the performance of the two tests methods, the plot of the estimated empirical Type I error rates and powers (in %) of these tests at various sample sizes are provided as shown by Figure 4 .
ILLUSTRATIVE EXAMPLE
To demonstrate the application of the proposed test method for testing ordered hypothesis of 
FIGURE 4:
Graph of the estimated empirical Type I error rates (Figure 4 (a) ) by the proposed test for ordered hypothesis set (37) and the classical Chi-square test of homogeneity of population proportions (38) at different sample sizes. The solid horizontal line in the plot indicated the nominal 5% Type I error rate used for the two tests. Figure 4 (b) is the plots of the estimated powers of the proposed and the classical Chi-square tests at various sample sizes.
population proportions with a control, the results of the test hypothesis problem (37) at group sample size 20 are reported. The corresponding results of the conventional chi-square test of homogeneity of population proportions for hypothesis problem (38) are equally reported as shown in Table 3 for easy comparison.
The values of the proposed test statistics L M and that of the conventional chi-square test of homogeneity of population proportions, their corresponding degrees of freedom and their p-values are all provided in Table 3 . The decisions based on the p-values of the two tests are equally provided in which the proposed test rejected the null hypothesis in hypothesis set (37) while the conventional chi-square test did not reject the null hypothesis set in hypothesis set (38) at 5% significance level.
The p-value, !̂` of a Chi-square statistic value S at a degree of freedom is obtained by a straightforward general procedure by computing !̂` !9 d S :` 1 !9 † S :` (40)
The !̂` can be easily obtained from any general Chi-square table if a is an integer.
However, if a non-integer valued degree of freedom a is obtained from Table 1 or determined from equation (36), the associated pvalue can be easily obtained using any of the flexible statistical packages. For instance, the pvalue !̂` of the computed test statistic S L M at a degree of freedom is determined by !̂` 1 !9 † S L M :`. Therefore, using R statistical package, with S L M 11.4342 and a 2.204617, the p-value is obtained by invoking the R function p.value = 1 -pchisq(q = 11.4342, df = 2.204617)which yielded the needed p-value of 0.0042 as reported in Table 3 .
The argument q in the above R code is the quantile value of the Chi-square distribution which corresponds to the computed value of the test statistic L M while the df is its associated (non-integer value) degree of freedom. What any interested users should therefore provide to determine the p-value of the proposed test statistic L M are the computed test statistic value S L M and its associated degree of freedom a from Table  1 or determined by equation (36) based on the number of groups being compared. Although, the distribution of the new proposed test statistic has been found to be chisquare, a major attribute of this statistic is that its degree of freedom is not constrained to be necessarily integers as shown in Table 1 , the table of degrees of freedom constructed for this new test statistic. However, if any of the constructed degrees of freedom is rounded up to integer, the value of the p-value that is associated with it would be distorted which might result in misleading conclusion. For instance, in the illustrative example in Section 4.1, the degree of freedom of the test statistic for five group comparison is 2.204617 which yielded a p-value of 0.0042 for the computed value 11.4342 of the proposed test statistic indicating strong evidence in support of the rejection of the null hypothesis in favour of the ordered alternative set in the hypothesis set (37).
If the degree of freedom 2.204617 is rounded up to integer of 2, the corresponding p-value of the test statistic value would be 0.0033 which is relatively smaller than 0.0042 earlier obtained for the test, a difference of 0.0009. Although, these results essentially yielded the same conclusion, but such a difference might at times yield contradictory conclusion in some other data structure.
A thorough comparison of the proposed test statistic with the conventional chi-square test of homogeneity of population proportions was performed for which the test hypotheses set (37) for the proposed test, and hypothesis set (38) for the conventional chi-square test were constructed and tested at 5% Type I error rate.
The goodness of these two tests were compared based on the closeness of their estimated Type I error rates to the nominal Type I error rate of 5% set for each of the tests. The plots of the empirical Type I error rates of the two tests against the various sample sizes as presented by Figure 4(a) showed that the newly proposed test is relatively more efficient than the conventional test. The proposed test statistic yielded efficient estimates of Type I error rates that are closer to the nominal 5% used at all the sample sizes. On the other hand, the conventional Chi-square test statistic yielded poor estimates of the Type I error rate at smaller sample size of 20 before it got stabilized at other higher sample sizes.
In terms of power, the new test statistic proved to be more powerful at smaller sample sizes than the classical Chi-square test statistic as shown in Figure 2 (right graph). The powers of the new test statistic are higher than that of the Chi-square test statistic beginning from sample size 20 up to 100 as shown in Table 2 while they both yielded appreciable powers at relatively higher sample sizes as expected.
More importantly, the goodness of the new proposed test method over the classical Chisquare test is also apparent in its ability to establish the superiority of a new drug type (say) over some of the existing ones with respect to its relative preference by users over others. This point was made very clear by the illustrative hypothetical example given in Section 4.1 in which drug type five was more preferred by 45% of users over other four exiting drugs with ! j 0.45. Table 3 , the classical Chi-square test of homogeneity of population proportions using the test statistic (39) simply concluded that the preferences for the five drug types are the same across the various users thereby failed to reject the null hypothesis in (37). Whereas, the proposed test method for ordered hypothesis test of population proportions actually established the superiority of the fifth drug type being the most preferred by users over others by rejecting the null hypothesis in favour of the alternative hypothesis in hypothesis set (37).
From the results provided in

CONCLUSION
A novel test statistic for testing hypothesis of equality of population proportions against ordered alternatives with a control is proposed in this work. A suitable test statistics for this hypothesis test problem was developed and its statistical distribution established.
The distribution of the new proposed test statistic was found to be Chi-square but with non-integer degrees of freedom. A table that contained degrees of freedom for groups' comparisons was provided with † 26 groups. For comparing population groups more than 26, an equation was developed to determine the required degrees of freedom for the test statistic.
The proposed test method was compared with the classical Chi-square test of homogeneity of population proportions. Results showed that the classical Chi-square test, unlike the proposed test, suffers from its inability to establish superiority of a population group over others even if such superiority actually exists in a set of population groups.
Not only this, the powers of the proposed test method are quite higher than those provided by the classical chi-square test of homogeneity of population proportions, especially at lower group sample sizes.
Finally, it can be concluded from the results in this work that if determination of superiority of a quantity in terms of its acceptability by people or otherwise is of prime interest as often the case in pharmacology and drug discovery, the test method proposed here could be a viable tool to determine such.
It should be reiterated at this point that, the application of the new test method proposed in this work is not limited to medicine or pharmacology. The method could equally find its use in all other disciplines and scenarios where it is desirable to establish the superiority of one method/system over others in which only qualitative data sets are available.
